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I. PURPOSE OF CONTRACT

An engineering research study on nevel electromagnetic waveguides,
antennas, filters and related devices is to be carried out to supplement
in-house research. Work on surface waves, antennas based on surface
waves, and microwave branching filters is to be continued wher special
problems arise. Special emphavis will be placed on studies concerning
the beam waveguide and beam waveguide resonator. The program is to give
special considerations to problems and structures which are important
from the viewpoint of pracrical miiitary application.

It is contemplated that this program will include the following
subjects:

a. The determination of circuit properties of beam waveguide

resonators.

b. A study of the coupling problem between beam waveguide

resonators and conventional waveguides.

c. Investigation of antennas based on the beam waveguide.

d. Frequency stabilization with beam waveguide resonators.

e. Other problems related to the above which are agreed to by

the contractor and contracting officer's representative.

viii.
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II ABSTRACT

The research work that was curried out under thie contract was a
continuation of, but over and beyond, the studies made unde:r Contract No.
DA-26-039-8c-85188. This firal report covers ths perfod from Septewber 1,
1964 to Jaruary 31, 1369. During this period three dictinct studies were
carzied out. Two of these studfes dealt with topics closely related to
the beam waveguide. The third study was a separate one and was conrerned
with the theory and design of a new tvpe of filter called a cut-off ccupled
microviave filter.

Part ! of the report descrsibes the general study made of beam wave-
guide resonators at millimeter wavelengths. An important result cf this
study vas the derivation of the aquivalent circuits for resonators with in-
put ard output coupling. An extensive bibliography on guided electrcmag-
netic wvave bemms, beam waveguides, beam waveguide antennas, beam waveguide
resonators, and Fabry-Perot resonators is included in Part 1 of this report.

Part 2 of this report describes a new type of waveguide filtevr called a
cut-off coupied microwave filter. The theory, design and fabrication of
these filiers as well as the measurements nade on them is described in some
detail.

Part 3 of this report deals with two general applications of the team
waveguide of rectangular symmetry. One of the studies was concerned with
the rectangular beam waveguide resonator and the cther with a rectangular

beam waveguide antenna formed from the resonator.

ix.



III. INTRODUCTION

The research work that was carried out under this contract was a contini-
ation of, but over and beyond, the studies made under Contract No. DA-36-039-
sc-85188. This final report covers the period from September 1, 1964 to Janu-
ary 31, 1999. During this period three distinct studies were carried out.
Two of these studies dealt with topics closely related to the beam waveguide.
The third study was a separate one and was concerned with the theory and de-
sign of a new type of filter called a cut-off coupled microwave filter.

These three studies are essentially indenendent of each other and hence
each will be treated as a unit. This report will therefore be divided into-
three parts, each of which will te self contained and will iaclude a bibli-
ography, appendixes when necessary and the conclusicns arrived at as the re-
sult of the study.

Part 1 of the report will describe the research carried out between
September 1964 and June 1967.l Because of the large amcunt of experimental
work uetailed in the quarterly reports, the material will not be repeated
iiere. Siuce the study was concerned in general with beam waveguide resona-
tors at millimeter wavelengths, an overall view of the work will be given.
An important result of this study was the derivation of the equivalent cir-
cuits for the coupled resonators. Since this derivation has not previously
been reported, it will be given here in some detail. An extensive bibliog-
raphy on gujded electromagnetic wave beams, beam waveguides, beam waveguide
3 antennas, beam waveguide resonators, and Fabrv-Perot resonawors is included

in Part 1 of this report.

1. The rescarch reported on in this sectien appears also as a part of the
Ph.b. thesis of Arthur W. Murphy (107).
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Part 2 of this report will be concerned with the research carried out
be tween September 1965 and September 1966.2 The research performed during
this period dealt with a new type of waveguide filter called a cut-off
coupled microwave filter. Conventional waveguides arranged in a special
configuration were used to form the filter. The theory, design and fabri-
cation of these filters as well as the measurements made on them will be des-
cribed in some detail.

Part 3 of this report will describe the research carried out between
September 1966 and January 1969.3 The research performed during this period
dealt with two general applications of the beam waveguide of rectangular sym-
metry. One of the atudies was concerned with the rectangular beam waveguide
resonator and the other with a rectangular beam waveguide antenna formed from

the resonatecer.

2. The research reported on in this section appears also as a part of tne “.5.
thesis of John R. Brauer.

3. The research :teported oa in this section appears also as a part of the
Ph.D. thesis of John R. Brauer.

2.




PART 1

BEAM WAVEGUIDE RESONATORS

AT MILLIMETER WAVELENGTHS

Previous Studies

The investigation carried out under this phase of the contract was con-
cerned with a general study of the characteristics and properties of the cy-
lindrical beam waveguide developed by Dr. Georg Goubau of the U.S. Army Elec-
tronic Command. The work of Goubau and his associates is detailed in the
1iterature.4’5’6’7’8’9

Briefly, the beam waveguide consists of a launching and receiving an-
tenna, usually horns, and a number of equally spaced lenses or phase correc-
ting plates placed between the antennas to reset the cross-sectional phase

of the guided beam. The cross-sectional field distribution of the beam is

not constant with distance along the beam as is the case in conventional

4. G. GCoubau and J.R., Christian, "A New Waveguide for Millimeter Waves,"
presented at URSI-IRE Fall meeting, San Diego, California, October 1959.

5. G. Goubau and F. Schwering, "On the Guided Propagation of Electromagnetic
Wave Beams," IRE Trans. on Antennas and Propagation, Vol. AP-Y, Mav 1961.
pp. 243-256. This vpaper was first presented at URSI-IRE Spring meeting,
Washington, D.C., May 1960.

6, J.R. Christian and G. Goubau, "Experimental Studies on a Beam Waveguide
for Millimeter Waves," IRE Trans. on Antennas and Propagation, Vol. AP-9,
May 1961, po. 256-263.

7. J.R. Christian and G. Goubau, 'Some Measurements on an Iris Beam Waveguide',
Proc. IRE, Vol. 49, November 1961, pp. 1679-1680.

8. G. Goubau, Optical Relaticns for Coherent Wave Beams, presented at Svm. on
Llectromagnetic Theory and Antennas, Copenhagen, Denmark, June 25, 1962:
published in Electromagnetic Theory and Antenmnas, in International Series
of Monographs on Electromagnetic Waves, E.C. Jordan, Ed., Vol. 6, part 2,
Pergamon ¢ress, New York, N.Y., 1963.

Y. G. Goubau, and J.R. Christian, "Some Aspects of Beam Waveguides for Long
Distance Transmission at Optical Frequences,'" IEEE Trans. on Microwave
Theory and Techniques, Vol. MTT-12, March 1964, np. 212-220.

3.




waveguldes. The amplitude and phase of the cross-sectional distribution vary
with distance along the beam. The cross-sectional amplitude distribution how-
ever, 1s repeated at certain distances from the source. The original phase
distribution at the source can be reconstituted by phase transformers placed
at the point where the original amplitude distribution is repeated. Thus a
reiterative system is formed which is called a beam w-veguide. The beam wave-
guide can be made to have very small losses. The possible applications of

the beam waveguide as a low loss transmission line for the millimeter through
optical frequency range is of prime interest. The resonator formed from this
transmission line, called the beam waveguide (or the Fabry-Perot) resonator,
has among other desirable characteristics a very high Q in the millimeter
through the optical frequency range. The beam waveguide resonator is there-
fore a very useful millimeter wave circuit element which makes possible the
extension of resonator techniques into the millimeter and optical frequency
ranges.

A brief review of rhe studies made on the beam waveguide and the beam
waveguide resonator under previous contracts will be given. Such a review
will assist in orienting the further investigations made under the present
contract.

The first phase of the early investigations was concerned with the meas-
urement of the very small diffraction losses of the waveguide. Work on the
measurement of the diffraction losses of the beam waveguide has been completed

and reported on previously.10 In addition, measurements of the field

10. E.N. Scheibe, "Surface Wave, Antenna and Microwavc Filter Engincering
Research Study," Final Report on Contract No. DA-36-039-sc-78326, De-
partment of Electrical Engineering, University of Wisconsin, Madison,
Wisconsin, September 20, 1961.

Also see J.B. Beyer and E.H. 3cheibe, "Loss Measurements of Beam Wave-
guides,”" IEEE Trans., on Microwave Theory and Techniques, Vol. MTT-11,
January 1963, pp. 18-22,

and E.H, Scheibe, '"Measurements on Resonators Formed from Circular Plane

and Confocal Paraboloidal Mirrors,'" Proc. IRE, Vol. 49, June 1961, p. 1079,

4.
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distribution within the beam for the lowest mode, and an analytical study of
the losses of the higher modes which will propagate on such a line have also
becn completed.11

The study of the diffraction loss for the lowest loss mode of the beam
waveguide was made with a loop coupled resonator consisting of a paraboloidal
mirror as one end plate and a flat mirror as the other end plate. Such a re-
sonator simulates one itcration of the beam waveguide and the diffraction loss
per iteration can be determined from the measured Q of the resonator. Since
the diffraction loss to be measured was very small and hence the Q of the re-
sonator was very high, special apparatus and techniques were devised to mea-
sure the Q. These studies and measurements were made at, or near, a frequency
of 9 GHz.

The remainder of the studies completed thus far were made at, or near,
a frequency of 35 Gliz and are detailed in previous reports.12 These studies
are almost entirely concerned with applications of the beam waveguide or
Fabry-Perot resonator.

Though a large number of modes may be present in the beam in many in-
stances, only the lowest loss mode survives in a reasonable length of beam
waveguide. In resonators formed from the beam waveguide it is possible,

under proper conditions, to encourage the excitation of selected modes onlyv.

11. J.B, Beyer and E.H. Scheibe, "Higher Modes in Guided Electromagnetic
Wave Beams,' IEEE Trans. on Antennas and Propagation, Vol. AP-10, May
1962, p. 349.

Sce also J.W. Mink, "Higher Modes in Electromagnetic Wave Beams,' M.S.
Thesis, University of Wisconsin, Madison, Wisconsin, 1962.

12. E.H. Scheibe, '"Surface Wave and Antenna Engineering Research Study,"
Final Report on Contract No. DA-36-039-s5c-85188, Department of Elec-
trical Engineering, University of Wisconsin, Madison, Wisconsin, No-
vember 30, 1964.

See also J.W. Mink and E.H. Scheibe, "A Dual-Mode Beam Waveguide Re-
sonator and Frequency Stabilizer at Millimeter-Wave Frequencies," IEEE

Trans, on Microwave Theory and Techniguyes, Vol. MTT-14, May 1966, pp. 222-
228.
5.
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In cases where a single mode or a sel;cted number of modes exists it is ad-
visable tc know the field pattern or :ransverse field distribution in the
cross-section of the beam of individual modes or mode combinations. The
radial field distribution, which depends on the Laguerre polynomials that
appear in the solution of the beam waveguide, was calculated on a computer

for a number of the lowest loss modes. With the radial dependence of the
field known, rhe most favorable position of the coupling elements for launching
the desired higher modes can be determined. Because it is convenient to refer
to individual modes at times, particularly the lower loss modes, it was nec-
essary to devise . meaningful mode designation. A mode notation was chosen
which used the degree and order of the Laguerre polynomial associated with
each mode.

The frequency stabilization of microwave oscillators was one of the
studies carried out which used the beam waveguide resonator as a microwave
circuit element. The resonator was used as the frequency control or high Q
reference cavity and was operated in a dual mode. The dual mode operation
of the beam waveguide resonator made it possible to form a frequency discrimi-
nator which was then used in a feedback loop to stabilize the frequency of a
microwave oscillator. A marker generator, consisting of a very stable low
frequency crystal and a series of varactor multipliers, was developed in
order to measure both the long term and short term stabilities of stabilized
microwave oscillators operating near 35 CHz. The use of the beam waveguide
resonator as a stalo cavity for oscillator stabilization was also investigated.

The work done on the frequency stabilization of microwave oscillators
using tie dual mode beam wavegulde resonator led to a study of the measure-
ment of the dizlectric constant of gases at 35 GHz. In this application
the dual mode beam waveguide resonator was put in an evacuated chamber to de-

termine its resonant frequency. When a gas was admitted into the chamber
6.




the change In the resonant frequency of the resonator was a measure of the
dielectric constant of the gas. The dielectric constants of dry air, helium,
nitrogen, oxygen and argon have so far been measured with an accuracy of a
few parts in 107 at 35 GHz.

When the beam waveguide resonator operating in the low loss mode is
fitted with one end plate which is partially transparent it becomes an anten-
na. A study of such an antenna was made in which the partially transparent
end plate was fabricated from polystyrene sheets with air spaces between
them. This type of construction makes it possible to control the value of
the reflection coefficient of the end plate. The energy passing through the
end plate will radiate into space.

The radiation pattern of this bheam waveguide antenna was determined
analytically from the field distribution in the aperture. Measurements of
the radiation pattern of the antenna bore out the analysis made. Other forms
of the beam waveguide antenna are possible and additional antenna studies have
been carried out and are detailed in Part 3 of this report.

A problem which arises when using the beam waveguide is that of coupling
energy into the system from a conventional waveguide system. Usually a con-
ventional microwave horn along with a dielectric phase corr.ctor is used.

A method which has better launching efficiency uses a diagonal horn and a
properly designed phase correcting lens. The field of the diagonal horn has
an amplitude distribution which closely simulates the radial amplitude dis-
tribution of the lowest loss mode of the beam waveguide. When the diagonal
horn is used with a properly designed phase corrector, the output of the com-
bination very closely simulates the field of the lowest loss mode of the beam
waveguide in both amplitude and phase.

Coupling energy from a conventional waveguide system into a beam waveguide

resonator also raises problems and is the principal subject of Part 1 of this
7.
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report. ioop coupling can be used at a frequency of 9 GHz but is not prac-
tical at 35 Gllz. ‘The details of the coupling schemes possible at this fre-

quency are given in another section of this par: of the report.

IV. THEORETICAL CHARACTERISTICS OF BEAM WAVEGUIDE RESONATORS

A. General Considerations

A beam waveguide resonator in general consists of two reflecting sur-
faces mounted ncrmal to and concentric about a common axis. Especially
for microwave applications, it is advantageous to consider the iields in
the resonator as being due to a traveling wave beam propagating along the
axis of the resonator. The resonance condition then is that the total
phase shift of the beam must be a multiple of 27 radians in traversing a
path twice the physical length of the resonator. The resonance condition
may also be defined in terms f a total phase shift of 7 radians in a path
length equal to the physical length of the resonator.

The cross sectional energy distribution and the divergence properties
of the wave beam will in geuneral be a property of the shape of the reflec-
ting surfaces and the separation between the surfaces. Due to the finite
size of the reflectors, some energy will be lost past the reflectors. These
diffraction losses are a function of the resonator size and the cross sec-
tional energy distribution of the beam. The most common geometries used
for beam waveguide resonators is shown in Fig. 4-1.

When all resonator dimensions are large compared to the wavelength and
when the reflector separation is large compared to the size of the reflec-
tors, Kirchoff's diffraction theory may be applied to the fields in order
to obtain the re. .aator field distributions as the eigenfunctions of the 0

general integral equations13

i3. H. Kogelnik, T. Li, "Laser Beams and Resonators', Proc. IEEE, vol. 54,
10, October, 1966, p. 1314,
8.
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YPED (6 ) = [ kP (s),0,)P(s,) ds, (4-1)

82
(2),(2) (1) (1) ;
Y \E (82) - f K (sz,sl)E (sl) ds1 {4-2)
]
1
(1) (2)
where the eigenvalues y and Yy glve the loss and phase change of a

wave propagating between reflector surfaces 8 and 8,y. The form of the
kernels K depends upon the choice of coordinate system in which the prob-
lem is to be solved.

In rectangular coordinates,lb

K (yx),7509,) = (RIexpl-gkl (e -xp) 240y -y ) 214203 (4-3)

where X and y, are the coordinates on 8;
X, and y, are the coordinates on 5,
D is the reflector separation

k = 2n/A.

Expressed in the cylindrical coordinate system, (D.¢.z)15

1 2,2
k¢ )(pz.pl,¢2.¢1) = (3/AD)exp{-3k[p,+p;-20,p, cos($,~¢,)]/2D} (4-4)
In both rectangular and cylindrical coordinate systems it is possible
to reduce the two dimensional equations into two orthogonal equations in

ocne dimension. In rectangular coordinates, letting
b - J A
E(x,y) Ex(X)Ey(y) (4-5)

then for Eq. 4-1:

(0

(1) (2)
X X (xl) = IXK

Y (xl,xz)Eiz)(xz) dx, (4-6)

14. A. Pox, T. Li, "Resonant Modes in a Maser Interferometer", B.S.T.J.,
vol. 40, 1961, p. 485.

15. L. Bergstein, H. Schachter, "Resonant Modes of Optic Interferometer
Cavities, I. Plane Parallel Reflectors", J. of the Opt. Soc. Am.,
vol. 54, July, 1964, p. 896.

l10.
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W),y L f @ (2)

g L (yy) fYK (Yl.yz)Ey (y,) dy,
2

K’((2) - (D)~ L1/2437/4 -3k(xymx,)" /2D

2
(1) . (D)
= e

Simjilar expressions can be written for Eq. 4-2 by interchanging super-

scripts (1) and (2) and subscripts 1 and 2 in the above equatioms.

In a cylindrical coordinate system, it has been shown t:hatl6

E(p,¢) = Rn(p)e—jn¢ n = an integer

172 1/2

YR () (0;) = ijn(pz.pl)Rn(pl)(ol) dp,

n+l plpz

2, 2
ke 1/2,-3k(p3403) /2D
K (po0p) = 157 3 (k ) (o0 2e73H(P17P

with Jn a Bessel function of the first kind and order n.

4=7

(4-8)

(4-9)

(4-10)

(4-11)

(4-12)

(4-13)

For solutions of Eqs. <-1 and 4-2 tn exist, it is necessary that the
fields across one reflector of the resonator be related to the fields across
the other reflector by a multiplicative constant. Whether this condition
can be met or not determines the stability criterion for the particular re-
sonator geometry as discussed by Fox and Li (30). Stability is determined
by the relationship between the reflector curvatures and the separation be-
tween the reflectors. A stability diagram plotted in twec dimensions in terms
of the normalized coordinates G1 and 62 is shown in Fig. 4-2. The normalized

coordinates G, and 62 are defined by Gordon and Kogelnik as17

16. See p. 487 of reference in footnote 14.

17. J.P. Gordon, H. Kogelnik, "Equivalence Relations among Spherical Mirror
Optical Resonators', B.S.T.J., vol. 43, November, 1964, p. 2875.
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A

1 2
R
D 2 ,
G, = (1 - =) = {4-15)
2 r, Rl

where: r and r, are the radii of curvature,
D is the separation,
and Rl and R2 are the radif of the circular reflzactors. A particular re-

sonator geometiy will be stable only when

G<Gl(;2<1 (4-16)

A third normalized coordinate formulated by Gordon and Kogelnik is
given by

N = R1R2/AD (4-17)

Resonators which have tlie same Gl' G2

in that they satisfy the same resonance cenditions, have the same dif-

» and N are said to be equivalent

fraction losses, and have field patterns on the reflectors which are re-
lated by a scale constant.

B. Plane Parallel Reflectors

For a resonator having identical plane parallel reflectors, Gl-G2-+1.
This resonator has inherently one of the highest losses for a particular
ralue of N of any of the stable resonator configurations. Its losses are
equaled by the concentric -esonater, for which G1=G2-—1. Advantages which
have led te the use of the parallel plane resonator in laser applications
are the large percentage of the resonator volume which has substantial field

components, and the dependance of the resonance condition on the mode number

which allows control of the mode of operation by adjustment of the reflec-

tor spacing.

13.




The losses for the dominant mode of a parallel plane resonator with
identical reflectors of circular shape have been obLtained by Fox and Li in
terms of the percent power loss per transit length D of a traveling wave
field as a function of the Fresnel number N characterizing the geometry.18

Percent Power Loss = 100(1 - Ivlz) (4-18)
where y = Y(l) = 7(2) is the eigenvalue of Eqs. 4-1 and 4-2. The loss
characteristic for the dominant mode from Fox and Li is given in Fig. 4-3
in terms of the loss L expressed in db per transit as a function of N.

The percentage power loss is related to the loss in db by

% loss

Lgp = 10 Log,q [1 - =555~

In the linear region, it is claimed that the loss may be approximated
by19

1.4

2 loss _ 4 507 §” (4-19)

100
For N = O, tﬁis gives Ldb = 0.0358, which is in good agreement with Fig. 4-3.
The phase velocity of the wave beam in general is slightly different
from the velocity of a plane wave in the wedium occupying the resonator
volume. For the parallel plane resonator, the beam undergoes an additional
phase shift B beyond the free space value. This term depends upon the trans-

verse field mode, the length of the resonator, and the size of the reflectors.

The resonance condition for the dominant mode becomes

2n 27
Lr = -A—o- D+ 8(3'6"6) (4-20)

18. See p. 466 of reference in footnote 14.

19. See p. 48l of reference in footnote 14.

14.
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where £ = an integer
Ao = free space wavelength
B = the additional phase shift in degrees.

The additional phase shift B is given in Fig. 4-3 as determined by Fox and

Li.zo

An analytical solution for a parallel plane resonator made by Vainshtein
gives expressions for the losses and the phase shift for circular reflectors.

With a change in notation, the losses are given by21

2 A(M+A) .
L, = 10 Log,, [1 - 8 ] (4-21)
db 10 Xan PRI

1/2

where A = - §(1/2)/(m) = 0.824

6(1/2) is the zeta function of Riemann.

X (m+1)th zero of J .
mn n

/2 Jith N defined by Eq. 4-17.

M= (Srm)1
m=n =0 for the dominant mode.

The phase shift is given by

8= BY 2 —HEAL (4-22)
[(M+A)"+A"]

For N = 10, Eqs. 4-21 and 4-22 give respectively a loss per transit of
0.0358 db and an additional phase shift B of 2.27° for the dominant mode.
These values are in good agreement with the numerical values of Fox and Li.
Equation 4-21 is expected to be valid over a larger range of N than Eq. 4-18.
It was also found by Vainshtein that the cross sectional field distri-

bution at the refiectors was of the complex form

20. See p. 467 of reference in footnote 14.

21. L.A. Vainshtein, "Open Resonators for Lasers", J.E,T.P., (USSR), vol. 17,
Septemver, 1963, p. 717.
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x £

F(0,4) = = I (o

n m) cos m¢ (4"23)

where f may be either fx or fy'

Thean:
- -1 _ 92—
E = ik (grad div £ + k“f)
and H=curl f
where k = ZH/AO = the free space propagation constant
and j= /-1.

For resonators having reflectors of rectangular shape and dimensions
2a X 2b, the eigenvalues and eigenfunctions may be obtained from those of
the infinite strip resonator. The infinite strip reflector has a fiaite
-idth, but is assumed to have an unlimited length. Such geometries have
been extensively investigated. (2)(5)(30). The eigenvalue for a rectan-
gular reflector 2a X 2b in size would be given by the product of the
eigenvalue for a strip resonator of width 2a and the eigenvalue of a strip
resonator of width 2b. The eigenfunctions may also be obtained as the
eigenfunctions of one strip times those of another strip if one strip is
assumed to extend along the x direction and the other along the y direction.

C. Confocal Geometry

Confocal geometry is characterized by the condition that the separa-
tion D between the two reflectors be given by
D= fl + f2
vwhere fl and f2 are the focal lengths of reflectors 1 and Z respectively,
For spherical curvature
f=1r/2
where r is the radius of curvature. The generalized values for a confocal

resonator with fl equal to f2 ave

17.




G, =G, =0

1 2

Most of the theoretical work on beam waveguide resonator structures
has been done for the confocal geometry. Some of the reasons for the con-
centration of effort on this particular geometry are, a) the confocal geo-
metry is the only geometry in addition to the parallel plane case for which
it has been shown possible to formulate analytical solutions, b) for a
fixed value of the Fresnel number N, the confocal case has the lowest pos-
sible losses, and c) the cornfocal resonator may be considered a resonant
section of the low loss beam waveguide developed by Coubau (99) (37) (40).

The first formulation of the fields in the confocal resonator was ob-
tained by Goubau and Schwering (36). The method consisted of the solution
of the wave equation in cylindrical coordinates under the restriction that,
the propagation constant along the axis may have a spectrum of values

limited to a narrow range and, that

|ECp.¢,+2) | = |ECp,6,-2)|
Allowing the field to be of infinite extent in the transverse (p,¢) plane,

the solution was found to be:22

. 1/2 . 2-1/2, p\v . .v ,p.2
Ey ™ We)" ™ o= A  (1+u7) (p ) L (pz)

b4
2
°{expl-1/2(-‘f’:) - W G D) (4-24)
Y = kz = (2n+vtl) tan-lu + 1/2u(éL02 (4-235)
b4

where L: are Laquerre polynomials of order v and degree n

u =~ (4-26)

22. G. Goubau, "Optical Relations for Coherent Wave Beams," Sym. of Elect.
Mag. Theory and Antennas, Pergammon Press, New York, 1963, p. 908, 915.

18.




2 2 2
P, = P, 1+u™) (4-27)

where Pg? the mode parameter, is obtained from

d d

2,2 1 2 =
(kp ) = (2 - FI) f£,d, = (2 - f2) f,d, (4~28)

with ¥ = 0 at z = 0.
k = ZHIAO
Ao = the free space wavelength
d1 and d2 are the distance from z = 0 of surfaces
of constant phase
fl and f, are the equivalent foczl lengths of the sur-
faces of constant phase at d1 and d2.
Env may be polarized in either the x or y direction, with an then in the
y or -x direction assuming propagation in the +z direction.
The amplitude functions of Env are plotted at u = 1 in Figs. 4-4, 4-5,
and 4-6 as a function of the normalized radial coordinate x where
x=ab
R = the radius of the reflector.
The function a is given by ‘
a = (k/p3t/2%y (4-29)
when the resonator has two identical reflectors of radius R and separation
D. The relation between a and N is
a = (2m1/?
and is a more convenient parameter for use with confocal resonators than N,
Due to the low diffraction losses a practical confocal resonator would have
N less than 1.
The generalized Laguerre polynomials are given by

i
(ntv) ! (=x2)

n
v
Ln ’izo CEVIT=V TN Y

19,
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The modes for beam waveguide resonators are hybrid modes, that is,
tl.zy are neither TE, T, nor TEM to z, however the lcngitudinal components
of the fields that do exist are small. The modes, which are determined by
their Laguerre polynomials will be designed by the integers n and v. This
has the advantage that the mode designation will tend to indicate the shape
of the reflectors for the resonator under discussion. Thus the modes will
be designated Lg, Li, etc,, for reflectors of circular symmetry.

For a confocal resonator, the reflector surfaces coincide wich the
surfaces of constant phase., These surfaces are parabolic, but for re-
flector diameters small compared to the radius of curvature, the con-
stant phase surfaces may be approximated by spherical curvatures. Under

the condition flth-DIZ, Eq. 4-:3 becomes

kpi = D/2
and o2 = (d/21) (Lhu)

At the mid-plane of the resomator, taken as z = 0, Eq. 4-24 becomes

2
E (z=0) _, 2kp.V v 2kp ¢
b Ahv( D ) Ln( D

[exp(- 1/2(—-9) -39} (508 V9 (4-30)

sin v¢
where from Eqs. 4-25 and 4-26 it 1s found thaty = 0 in the plane z = O,

At z = +D/2, u » 1 and o: = D/k. Then,

D, _ -1/2 kpyv v kp,2
Ew(@t ) = A2 ) L

[exp -1/2¢%§)2-Jw}1(°?: :3) (4-31)

and again using Eqs. 4-25 and 4-26

2
v=tkD- Qo) T+ 172 &) (4-32)
2
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The resonance condition for the confocal full resonator is that
D
V(= ) - blz=- D) = an e
where ¢ 18 an integer.

21 = kD - (2n+v+l) (4-24)

[XTE |

The last term in the expression f-~ { may be neglected since the re-
flectors fit surfaces of constant phase. Therefore, ¥ may be evaluated
at p = 0.

When the reflecting surfaces for the resonator, or phase correctors
for the beam waveguide, are of finite extent, the fields will be modified
slightly and there will be a diffraction loss at each reflector. The
value of this loss as a function of resonator size and mode number has
been obtained by Goubau and Schwering (36) and Beyer ané Scheibe (6) by an
expansion of eigenvalue equations similar to Eqs. 4-12 and 4-13 in terms
of the generalized Laguerre polynomials. The losses shown in Fig, 4-7
were obtained on a cowputer using the first ten terms of the expansion.23

The integral equations for the fields in the confocal resonator with
circular reflectors of finite size have also been evaluated by numerical
integration (31), and by power series expansion (62). The results obtained
in these cases appear to be in good agreement with those presented in Fig. 4-7.

In an analysis similar to that used to determine the beam modes in a
system of cylindrical symmetry, Schwering obtained the fields for beam modes
in rectangular coordinates for a square or rectangular symmetry condition.

For fields of infinite extent in the transverse plane24

23. J. Beyer, E. Scheibe, "Higher Modes in Guided Electromagnetic Wave .
Beams,' Trans. IRE, AP-10, May 1962, p. 349.

F. Schwering, "Reiterative Wave Besms of Rectangular Symmetry,"
Archiv Elect. Ubertrggung. vol. 15, December 1961, p. 558.

24,
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. 2, 1..2y1-1/4
E &nu°v°[1+zu)(1+zv)]

nm
f ' 2
°Hen{-—-———I72 }+He {____JZ_I7Z} cexp{- l/AL 2
. (1422 0 (142 ) z
i 12 zux'2 zvy'2
; <D} eewpl-y /45 + (=) +
i 1+2 1+2 1+2z
v u v
1l@1/2)tan "t 2+ (@+1/2)tan 'z ]} (4-35)
LI | -
x 2u°x y 2vo
2 2 - 2z
z, 2u° m z, 2vo K

u, and v, are analogous to the oo of the cylindrical case. The confocal

condition corresponds to

1/2
u =V (k/22°) z, D/2

The Henm(w) are Hermit polynomials defined by

n 2 3
4=
Hen(w) = (-1)“exp(w2/2) —d-!;' (e /2) (4=36)
dw
Under confocal conditions, Z = Z = 1 for z= 2z and Z =2 =0
u v [o] u v
for z = 0. The resonance condition for the confocal case can be derived
as
&n = kD - (n+1/2) g - (m+1/2) % 2, m, n integers (4=37)

Schwering has solved for the fundamental mode energy distribution and dif-

fraction losses when the phase correciors of a beam waveguide are of finite

extent by an expansion of an integral equation similar to Eqs. 4-2 and 4-3

in terms of the Gaussian Hermit functions characterizing the unlimited fields.
Boyd and Gordon have shown that the fields for the confocal resonator

with finite rectangular reflectors can be formulated in terms of proiate

26.
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spheroidal wave functions (10). These functions are also shown to reduce
to the Gaussian-Hermite functions obtained by Schwaring when the reflectors
are sufficiently large. Boyd and Gordon also give the diffraction losses
for the six lowest loss mores for a square reflector 2a on a side, and for
the three lowest loss modes of an infinite strip resonator of widih 2a.

By using the procedure mentioned on p. 17, the losses for any rectangular
reflector can be determined.

D. Reflectors of Arbitrary Curvature

Analytical solutions for the eigenvalues and eigenfunctions of Eqs. 4-1
and 4-2 have not been obtained for arbitrary reflector separation and curva-
ture. By the use of numerical integration, Li has solved for the eigen-
values and field distributior at the reflectors for both full and half re-
sonators for several ratios of reflector curvature to reflector separa-
tion (48) (53). The ratios analyzed were for the radius of curvature vari-
able from the separation length (confocal) to infinity (parallel plane).

Another approach for determining the losses of a resonator having ar-
bitrary reflector curvature involves matching the reflector curvature and
spacing to an equiphase surface of a beam mode defined by Eqs. 4-24
through 4-28. An equivalent a value for the resonator to be used in de-
termining the diffraction loss is obtained by finding a confocal geometry
which would have the same losses as the real resonator. Such a method
was proposed by Boyd and Cordon during a study of resonators having rec-
tangular reflectors (10).

The analysis is based on the assumption that two reflectors at equiphase
surfaces will have the same diffraction loss if the field distributions and
ref lector dimensions are properly scaled versions of each other. That is,
required that

R/u(z,) = R'/w(z;)
27.
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where w(zo) is the beam radius defined as the radius at which E falls to
l/e of its maximum value. The geometry and notation for this problem are
shown in Fig. 4-8. By inspection of Eq. 4-24 for the Lz mode

1/2p 2d'.1/2

2
w(z) = 2 , = G0 Qa+ d—fi-) (4-138)

where po has been chosen for the confocal condition at z = d'. In order
to find

a' = (k/2a") %R
use

R' R

12 21/2
(zd'/k)1/2(1+475)1/2 (zd'/k)1’2(1+4%5)
d

o2 P2apanyt R 2 _apant?
2 172 2 172

; a+L) ad

d'z d 2

a

. , -1/2
a' =242, (%; + %T) (4-39)

vhere
a = (k/20) %R

for the resonator. It is now necessary to find the correct value of (d') in

From Eq. 4~25, define a constant phase surface by

Y= kz+(1/2)u(é2-)2 = constant
z

28.
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where the small correction introduced by tan-lu has been neglected. Then

2
z -z uR) s B 2 (4-40)
(<] 2k " p 2
2kp
z
where kzo = | for p = 0. This ie of the form
z = £(p) =Ap?
an” the radius of curvature is given by25
? 4/2

r = ' 200 Y 780

Therefore
2

r = (1+68%02)3/ %128 = 1/2a 0+0

r= kpi/u - ko§(1+u2)/u
For the confocal beam

u= z/d} koz = qd'

o
2
and =2 2
d
- ' ————e = ——— -

r=d 27a = + z (4-41)
Thus, as z * 0, r * ©» and at z = d’, r= Zd’ which is the confocal con-
dition. Now, matching this curvature to that of the resonator reflector
at z =d

d' = (rd - a5H1/2 (4-42)

IR I RV A ¢ el B

@2 (-0l
2 1/u4
a*=2l/?, 4.4, (4-43)
r r2

14
Equation 4-42 indicates that d for the equivalent confocal geometry may

be defined for rescnators satisfying the condition (r-d) > 0. '

25. R.E. Johnson, F.L. Kichemeister, Calculus with Analytic Geometry,
Allyn and Bacon, Boston, 1961, p. 431.
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E. Resistive Losses

One of the more important features of beam waveguide resonator struc-
tures is the small amount of metallic surface necessary to confine a very
large volume distribution of energy. However, the reflectors do intro-
duce resistive losses in the resonator, and must be considered along with
the diffraction losses in order to determine the operating characteristics
of the device. For the purpose of evaluating the reflector losses, the
traveling wave field in the resonator may be considered to be incident nor-
mally upon the reflector, although this will only be exact for cases whare
the reflectors are fitted to surfaces of constant phase.

By transmission line analogy, the load impedance represented by the re-

flector may be given for metallic reflectors as

1/2 o . 14 1/2 _
L= (w/o) 45° o (uw/0) (4=L4)

0 = conductivity in mho/meter

™N
]

w = 2nf radiaas per second

amx 1077

u henry/meter

The energy reflection coefficient may then be calculated 8826

2

IT|? = 1 - 2(2uwe/o0)}/? (4-45)

under the condition that 2we/o<<l. The loss in db per reflection may be

expressed as

Lyp = 10 Log {1- 2(2m€/0)1/2}

~ 4.34 Ln {1 - 2(2uwe/0) /) (4-46)
which for 2we/0<<1l reduces to

Lip = 8.68(2(;:(-:/(‘,')1/2 db loss/reflection (4-47)

26. J.C. Slater, Microwave Transmission, Dover Publications, New York,
1959, p. 116.
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Three of the common materials used for reflecting surfaces are silver,
brass, and aluminum. The d.c. conductivities of these materials are:27
Silver: 61 X lws nho/m.
Brass: 15 X 106 mho/m.
Aluminur: 35 X 106 mho /m.
The loss in db per reflection based on the d.c. values of conductivity fer

these materials at a frequency of 35 GHz would be

Silver: 2.2 X 1072 db
Brass: 4.463 X 10-3 db
3

Aluminum: 2.9 X 10 °~ db
Previous measurements have shown that with aluminum reflectors at 9 GHz
the loss per .eflection was 0.0021 db rather tha~ the 0.0016 db predicted on
the basis of the dc conductivity. This is equivalent to an effective in-
crease in surface resistivity of 1.3, which is consistent with experimental
investigations of microwave surfaces as reported by Lending (7) (50).
Allowing this increase in surface resistivity due to surface imperfections,
the following working values for the reflection losses are obtained
Silver: 2.86 X 107 db

Brass: 5.77 X 10-3 db

Aluminum: 3.77 X 102 db

V. DERIVATION OF THE COUPLED RESONATOR EQUIVALENT CIRCUIT

A. General Considerations

In order to better predict the effects of variations in the resonator
parameters and variations in the size of the coupling apertures, a lumped

element equivalent circuit for che resonator together with the coupling

27. The Microwave Eng!neers' Handbook, Horizon House, Massachusetts, 1966,
p. 332, 32
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networks would be helpful. Prediction of measurcable characteristics and
the design of efficient coupling networks could then be achieved using stan-
dard netwerk theory.

The derivation of the equivalent circuit for the resonator, will start
with the relation betwcen the unloaded Q, Qu’ of the resonator and the total

power loss P of the resonator

loss

wy
Ploas -'6: (5-1)

where W is the energy stored in the resonator.
The power lost must be supplied to the resonator by the magnetic dipole in

the coupling aperture, and is given by

Plogs = 1/2Re[1B :m*] (5-2)
where E; is the magnetic flux density
and m is the magnetic dipole moment.
All field, and field related, quantities are peak values and B° and m are
considered to be at the plane z = 0. Due to the presence of the reflecting
surface in which the coupling aperture is located, the total field at the
aperture, B;, will be equal to 2B, where B, is the peak amplitude of the

resonator traveling wave field.

B. Confocal Half Resonator

The energy stored in the dominant mode of a half resonator of length
D/2 is with the aid of Eq. 4-24 given by
2 2
W ueEo pzD/2

where Eo is the field of the dominant mode.

Using
o € o0 €
then
- 1B B*y2
W ﬂBoBopOD/ZU (5-3)
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Inserting Eqs. 2-2 and 2-3 into Eq. 2-1, with B; = 2Bo

wnB B p2D
* 000
jnBo m 2DQu
*
Solving for B
o *
* 2quum
B = ——— (5-4)
o 2
ﬂpoD
or
=2juQ m
upoD
and since B = uyH
-2jQum )
H = 2 ()-5)
° mp_D

The field obtained is the maximum fieid at resonance. The general expres-
sion for the field is a function of frequency, and decreases in magnitude
below the maximum value obtained above, as the frequency deviates from the

resonant frequency.

-2jQum

H W) = —5— f(w) £(w)<1 (5-6)
ﬂpoD

According to Goubau, the following useful defimitions for equivalent
currents and voltages may be made28
1= k2n where k2 = wzue
and
V-j% /—-E-H
wWith these definitions an equivalent resonator impedance can be found and
is,

H eV 3/¢
a " -ik _I-J.Y = - jk v/;j: Zo (5-7)

28. G. Goubau, Unpublished notes.
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From Eq. 5-6 for H = 2H°(w) in the plane of m

2H (w) -43Q
o - 5 X f(w) (5-8)
n npoD

and the impedance presented by the resonator at the point of ~xcitation

is

Q
z =2 /U8 s (5-9)
€ 2
k npob

The impedance 18 real and reaches a maximum at the resonant frequency fo.

Therefore the equivalent circuit is a parallel resonant circuit with

Q :
R =% e ‘2' (5-10)
° x “ 7D
o
From the relations
R
0 2 1
Qu w L and mo T 1ic
oo

for a parallel resonant circuit, obtain

Ro
Lo = IO (5-11)
o'u
and
c % 5-12
o o R (5-12)
0o

In addition to exciting the resonator fields, the magnetic coupling
also causes a radiation field. The amount of power coupled into the radia-

tion field may be obtained by using the relation

=0 ==
Poss 1/2Re [ijO-m ]
where B; is equal to twice the magnitude of the homogenenus B field of the

dipole moment m because of the presence of the reflector. The magnetic

field components of a magnetic dipole are given by29

29, See reference in footnote 28.
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3

mk 2 29 -JkR

Bp = u( + e cos@ (5-13)
! 17 kR)3 (km)?
i and
3
. Bk 1 J.__ .1, .-ikR
} B6 2 M ( + 2 kR) e sinb

i (R)>  (kR)

Expanding the exponential term in a power series in R

4 4
IR Ly e - 1/20kR) + j(k‘;)! + (“3 .. (5-14)
and considering only the component BR with 6=0 since the dot product is
to be taken with m, and m 18 R dire-ted when 6=(,
3
mk 2 1 2 1
: B = 7 u( + —j—’-_’kR"' ---c) (5_15)
R 4w (kR)3 (kR) 3 4
The homogeneous field of the dipole is the R independent portion of the
total field
.3
- - K} .
B 3 2 (5-16)
and B; is equal ito two times B, Then the power radiated is given by
F 3 4
- 2k 2 - -y - L U o =k L
loss ~ 2.4m.3 % 3r " € B =R
The impedance represented by this radiation loss is obtained by
. arranging Eq. 5-16 in the form of Eq. 5-~7. Thus, using the total field
at the reflector
3
H 2k
a7 (5-18)
then from Eq. S$~7
Z(radiation) = Rd = fg-j}'- (5-19)

Since m is related to the current, aad the same m excites both fields,
s the equivslent circuit will be a radiation resistance in seriee with the
shunt resonant circuit represeating the resonator mode.

The elements of the equivalent circuit have been derived from the
ratio of H to m for the resonator and for the radjation fields. The dipole
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moment m is proportional to the incident field on the aperture and to the

size and shape of the aperture,

m= = m.“i (5"20)

where m is the polarizability of the aperture and Hi is the magnetic field
strength incident on the aperture. Fcr a small circular aperture of radius

a
o}

m--

3 8 3
a
o

and m = -3 8 (2H1) (5-21)

oo

The polarizabilities for other commor small aperture shapes also have

30,31

been determined and tabulated. From £q. 5-21 with H = 2H1 combined

with Eq. 5-7

-3 3 /u
a’ =- jk v E Zo

8=z
(]
'
oo|w

Using this form a value of Za’

= - é E3-3—]’—:- 8—0-3._ i-3 A
Za b 8 /,: ( l) 8“3 30.572¢( A) 14'56(l) (5-22)

referred to the field on one side of the apevture is obtained. For trans-
mission through the aperture, the total Z is twice za
z =22 = - 39.12(-;1)-3 - - 11.144(%9)-3 (5-23)
and is in agreement with the equivalent circuit element given by Goubau.32
Also according to Goubau, when the coupling through an iris is from a
waveguide section, there is an impedance transformation tfrom the impedance

of the waveguide. This is represented by a quarter wavelength line section

whose characteristic impedance is given by

30. S.B. Cohn, ‘Determination of Aperture Parameters by Electrolytic Tank
Measurements,"”" Proc. IRE, vol. 39, 1951, pp. 1416-1421.

31. G. Matthaei, L. Young, E. Jones, Microwave Filters, Impedance Matching
Hetworks and Coupling Structures, McGraw-Hill, New York, 1964, pp. 232~
235.

32. G. Goubau, Electromagnetische Wellenleiter und HKohlraume, Wissenschaftliche
Verlagsgesellschaf:, M.B.H., Stuttgart, vermany, 1955, p. 402.
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2 = —3— =24
Zt 7200 ab (5-24)

where a and b are respectively the width and the height of the waveguide,
and A is the free space wavelength at the frequency of operation. The com-
plete equivalent circuit for the singly coupled confocal half resonator is
shown in Fig. 5-1.

When coupling is performed at the curved reflector, the magnitude of
the power coupled into the resonator for a fixed m is reduced due to the
wider distribution of the beam. Since at the curved surface the magnitude
of the B field will be 1//2 of its value at the plane z=0, the effective
real part of the impedance seen by the coupling aperture will be reduced by
a factor of 1/v¥2 also.

This reduction in coupling strength at the curved reflector can be in-
cluded in the equivalent circuit by using au ideal transformer of turns ratio
21/4:1. A complete equivalent circuit for a confocal half resonator with
small circular apertures and fed from a waveguide at both input and output
ports is shown in Fig. 5-2.

In order to reduce the circuit of Fig. 5~2 and simplify analysis, all
elements except the paiallel tank circuit are transformed to the source or
load sides of the A/4 transformers at the input and output respectively.
The transformed aperture impedance becomes

2
zt

AR (5-25)
Rd+2ija
or
R 23wl
Y - ——g— + == (5-26)
Z Z
t t

A shunt parallel resonant circuit to which input and output coupling is
performed via quarter wave transformers will appear as a series resonant cir-
cuit in series with the line, and of the transformed impedance
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2

0 Z
t 2

zo " ET"' tho
o
From Ea. 5-11
JuR (w_+8wR R
ijo-on-j qu 0'362(1+%) (5-27)
o‘u o'u u o

where Sw 18 the deviation of w from Wy and 6w/w° is constrained to be

much less than unity in magnitude.
Similarly, from Eq. 5-12
w R w R R
1 0o o ()

= - . -0 -8 =
30C, ~ Ja, " T+t~ 3, 4T w) ©-28)

Combining Eqs. 5-10, 5-24, and 5-25,

1
Y =>4+ wCo -3 o
o
2Q
1 u fw
Yo vtz o (5-29)
o ()
and
22 2%q
' t o'u Suw
25 WA R vty G0
o o o

in the vicinity of w = w .
A further reduction will bring the output coupling elements and the

load impedance Zc from the secondary to the primary side of the 21/4

21
transformer. The reduced equivalent circuit now appears as in Fig. 5-3

and is of the form of the circuit analysed in Appendix B of this report and
shown in Fig. B-l.

C. Confocal Full Resonator

In order to formulate the equivalent circuit for the full confocal re-
sonator, no change in the coupling elements 18 required, nor is the radia-

tion resistarce Rd affected since these quantities are aot functions of
1/

the resonator geometry as derived. Ideal traneformers vith 2 Q:l turus

ratios are employed both at the input and the nutput asince bock couplings
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are in curved reflectors where the beam density is reduced below that used
in calculating the resistance of the resonator equivalent circuit. For

fixed field amplitudes, the energy stored in the full resonator 1is twice

that stored in the half resonator for equal field amplitudes at the plane

z=0. An inspection of Eqs. 5-3 through 5-10 shows this change in energy
]
storage appears as a reduction by a factor of 2 in Ro of Eq. 5-10. Thus z
for the full resonator 2
Q Q
SR o el A -3
k npoD k D™ 7

The quantities LO and Co are still determined from Eqs. 5-11 and 5-12.
The reduced equivalent circuit for the full confocal resonator is shown
in Fig. 5-4.

D. Equivalent Circuits for Higher Modes

To complete the analysis for the equivalent circuit of a coupled con-
focal resonator, the effect of higher order modes must be added to the re-
sonator equivalent circuit. Calculations show that for both full and half
confocal resonators there will be hip .er mode excitation when there is a
coupling aperture in one of the reflectors. The presence of higher mode
fields has also been indicated by the field perturbation measurements.
Furthermore calculations indicated that the field amplitude of the higher
order mode will be a function of the aperture size. 1In these calculations
it has been assumed that most of the energy is transferred into these higher
order modes from the high energy field of the low loss dominant mode through
the perturbation caused by the coupling apertures,

Mcasurements show that for the full resorator with fixed aperture sizes,
the field distribution is distorted from that of the lowest or Lg mode and
the measured (unloaded, uncoupled Q) Qoo values are lower at the confocal

spacing of 114 cm. than those measured at a reflector separation of 108 cm.
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The calculatioms show that the cross-mode coupling is strongest to the L:
mode from the Lz mode. Since the degree of coupling between the two modes
is a function of the amount of overlap in their respective resonant re-
sponses, and since the resonance conditicns are functions of both the mode
numbers and the reflector separation, the coupling between modes will be a
function of reflector separation. The relative coupling will be a maximum
when both modes are resonant at the same reflector spacing and frequency.
For a fixed frequency, the coupling will apprcach zero when the resonances
are separated far enough so that the responses no longer overlap.

It will be assumed that a2 fifty percent reduction in coupling will
take place at a reflector separation where the peak of the low Q mode
response coincides with the 3 db point on the dominant mode response as
fllustrated in Fig. 5-5. Thus the resonant frequency of the Lz mode 1is
o

separated from the resonant frequency of the L1

ference equal to one-half of the 3 db bandwidth of the Lz mode. In order

mode by a frequency dif-

to calculate the amount that the reflector separation must be changed
from the confocal condition to achieve this frequency separation of the
modes, the resonancecondition given By Eq. 4-25 will be used with M being

the number of integer half wavelengths of reflector separation,

M2 - kD/2 - 2otvil)ran (-2

)
2 2kp2

o
with v=0, and using the relation

2 D p ,1/2
kDo' [(2--2—;)b§]

which is identical to Eq. 4-28 under the condition of identical reflectors .
separated by a length D and with the change of notation that b = focal length
of the reflectors. Then

k % - (2n+1)tan.-1

O (5-32)
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From k = 2n/)A = 2nf/c,

f = — M + (2n+1) tan (T-_-)] (5~23)
-1

Evaluating the rate of change of frequency with variation in the reflec-~

tor separation in the neighborhood of confocal operation

of c 2 1 1 1 4b
3D = 2D L g 2o+l 12 372 —i}
1+ ( -1) D
& _ ;
D (5-34)
c 1 2 -1 1
- 5= % [M + = (20+1) tan
2D D T EE
p ~ !
Simplifying,
of c 2 1 -1 1
== (—3){M + < (2n+]) (=== - tan = ———} (5-35)
oD 2p2 L /T,I_)B_"_l /]I—D -1

Evaluated at D=2b (contocal operation) Eq. 5-35 becomes

af _

5= CpM+ (2n+1)c— - D} (5-36)

2D

Note that the partial derivative of the resonant frequency with respect to
the reflector separation i1s a function of the mode number n; a condition
that is necessary if the resonant frequencies of the modes for non-confocal
refiector spacing are to be separated.

For the Lg mode (n=0),

_c 2
Af = 3D AD = 2D2 M+ = - 1) AD (5-37)

| where AD is the deviation from confocal spacing of the reflectors and AfS

is the corresponding shift in resonant frequency for the Lg mode. For the

Li mode (n=1)

f-—c—-[
2 D2

M+2-2) a0 (5-186)
2 hif




Then

p - BE = 3@23 a - ;2;) (5-39)
2D

Af

It is now desired to find the value of AD which will cause the resonance
frecuencies for the two modes to differ by one half on the 3 db bandwidth
of the fundamental mode. Recall that this is the condition under which
the coupling between the modes is assumed to have been reduced by fifty
percent from its maximum value.

Measurements made on a particular resonator show that half the dif-
ference between the minimum and maximum values of Q was approximately

150,000. Also for a resonant frequency of 35.07 GHz, one half on the 3 db

bandwidth was 1.17 MHz. Solving Eq. 5-39 for AD with

c=3x 108 m/sec
and D= 114 cm.

yields AD = .82 cm.
The changee in reflector spacing on either side of confocal spacing at which
Q values of 150,000 werc measured, were 3.5 cm and 3.0 cm. Within the limits
of experimental error and the approximations made, the calculated and mea-
sured values are in excellent agreement. This is further proof that in the
full resonator, a decrease in Q for the dominant mode takes place in the vi-
cinity of confocal spacing and is due to coupling to the Li mode. It also
appears that the dominant coupling mechanism between the two modes is the
perturbation introduced bv che presence of the coupling apertures in the
reflectors.

The lumped element equivalent circuit for a higher order mode may be

formulated in the same manner as that used for the dominant mode. For

equal field magnitudes, the energy stored in the Lg and Li modes will have
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the same total energy for the same field ampiitude constant Eﬁo (Env for
confocal spacing with v=0, Eq. 4-24). In Eqs. 5-3 through 5-10 the ex-
pression for Ro is the same for both modes. The quantity Q, is, with the
exception of the resonance conditions of frequency versus reflector sepa-
ration, the only mode dependent factor. The coupling element values are
not functions of the resonator mode, and hence the equivalent circuit of the
second mode becomes a parallel tuned resconant circuit Yoz in series with the
Yo calculated for the fundamental mode. This is shown in Fig. 5-6. In the
reduced equivalent circuit also shown in Fig. 5-6, the Lg mode 1is repre-
sented as a series resonant circuit in parallel with Z;. This series cir-

cuit 1is given by

2 2
Z. ] Zt . ZZtQUZGw
o2 R R w
%2 % °
where the subscript 2 refers to the elements of the L; mode circuit. “;
2

will only be equal to w at confocal spacing of the resonator reflectors.

E. Applications of the Equivalent Circuits

An exaumple of the application of the equivalent circuit will be given
which will also serve to confirm the validity of the representation. The
full resonator equivalent circuit shown in Fig. 5-4 will be treated. It
will be assumed that the resonator leng:ih has been changed just enough from
the confocal length so that the Lg mode resonates alone. The output wave-
guide is to be terminated in a variable position short circuit. Then the
unloaded @ measured at the input port will be a function of Z; in series
with the parallel colsination of Y;//f and the variahle position short cir-
cuit which preaents values of reactance between the extremes of an open
circuit and a short circuit. Actual measurements made on such a configura-

tion are plotted in Fig. 5-7 and show the unloaded Q versus the position of
49.

(5-40)



———

A , .
e B _— Za ki
z, z, Z
1 Co
e
g BN —
1 : + 1
z' = 7%y
o t o
—
zZ . 'L 2 Z
1 J2 b& Zoz' Zy Yo2 2 Y; Co
J2 1 2 JZ

2 02

FIG. 5 - 6
MULTIPLE MODE RESONATOR
EQUIVALENT CIRCUIT

50.




‘WO - FNVId JONTHIAIYH WOUA ADVH TONVLSIA LINDOYID LUOHS

6° 8* L® 9° ‘N ¥* £° z° j I 0

1" m1um#u 2 & T T e Q
. R _ R R R
i i T H i : :
L i i i !
HH e H B R H B 1 § H i H i H )|
4 i HEH : ] i
B H T EE A H e T I
: $i e it ; il
i HHH TR T i i
- | 4 ﬂ. t
3 ] T T R i i i
i S iES bt i e Y AR RS I 00T
HREHH B fE g g i il
SR R ] i ! _
e et S e S ! ;
s e e i A i |
fgisaiinatinntly § JRE T |
1 1 Bifsan 1 1 ] &
. 1..1 HEL § L tl 11 1
- il 25 a HH H H s 111 ga
1% 4 3 M,,_,..E!L_ } it 1 i it
HEHEH _xH. i [ i §iH g m _ 2, tegedinte 585 133 H
§ i et s It L B L T i
: ST T g TR i 28 T 002
: R _ i L

LINOYHIO LHUOHS T "AON V NI CILVNINHIL it :

FUALYIIY DNI'TAN0D INO HLIM B
HOLVNOSIY TINd 40 NOLLVINVA ® I

L-S"OId b T

225 28tanseate i IETTE I R s R £ it

00
01x O
51.




the variable short circuit terminating the output coupling aperture.
The test resonator had a D = 108 cm., an fo = 35.0 GHz, and RG96/u
waveguides at each port by means of which coupling to the resonator was

accomplisted. In RG96/u wavegnide at Y

g,
X 1.25
therefore Zc = 377(1.25) = 472 ohms
K4

®rom Eq. 5-31 with D = 108 c¢m, k = 27/X and A = 0.855 cm,

4(377)

R, = -———?-“-2— - 7.64 x 10°% (5-41)
54m(108) u

and from Eq. 5-19

By

/g%,- 40 ohms

The maximum value of measured unloaded Q will occur at the input port
when the positiun of the short circuit is such that an effective open cir-
cuit is present at the reference plane Tz of the equivalent circuit (Fig. 5-2)
which separates the output waveguide elements from the resonator elements.

Under this condition, the internal losses are due only to Ro which is given

by Eq. 5-41 as

-4 .
R =7.54x 1070 Q (5-42)

When Qu adic is 553,000, obtained from theoretical loss calculations, then
Ro = 422 ohms. The lowest measured value of Qu will be obtained when the
short circuit is so pesitioned that the radiation resistance eif:ctively

shunts tue resonator. (n the resonator side of the coupling transfcrmer

/2 Ry = 56.6 ohms

The parallel combination of Ro and v2 Rd gives an effective R; of

]
R, = [Ro,llfz'ad] = 50 ohms
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For negligible change in the reac:ive components of the parallel resonant
circuit; i.e., constant stored energy, the unloaded Q and the effective
value of R, are still related by Eq. 5-41.

Q = —2 . 65,300

U .64 x 107%

The measured minimum Q shown in Fig. 5-7 was approximately 62,000, although
there is some uncertainty in this value due to a scarcity of data points in
the minimum Q region. |

When the output waveguide is terminated in its characteristic impedance,
the load impedance is transformed by a A/4 transformer and appears in series

with Rd giving an effective load impedance of
. z;
Ry =Ratz -
c
where

A

2
Zt = 7200-;];

Now for RG96/u waveguide at 35 GHz

a=0.,7112cm, b = 0,3556 cm, and A = 0.855 cm.

Then R J
2 _ (0.855) -
Z, = 7200 7511y (0.3556) - 20,800
' 20,800 _
and RL 40 + —Z§E—— 84 ohms

The quantity /ERL will appear in shunt with Ro and the effective resonator

real impedance becomes

R = [R°||/5k;l = [422])119] = 92.8 chms

Then Q = 93/7.64 x 1074

= ]121,000. £ The measured Q when the resonator was
terminated in its characteristic impedance was 130,000 from Fig. 5-7.
The results obtained by this application of the equivalent circuit are

consistent with the approximations involved and the degree of experimental

error that may be expected. It has been assumed that the Lg mode was not
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resonating and that the tapered waveguide and slot feed used was approxi-
mated by the circular iris equivalent circuit. The degree to which this
can be expected to hold would depend on the validity of representing the
aperture field by a single dipole -oment m, and the degree to which the
iris equivalent inductance La effected the matched load conditicu.

A second applicstion illustrating the usefulness of the equivalent
circuit for a beam wrvequide resonator, will compare Q measurements made
on a half resonator with the behavior of the equivalent circuit of Fig. 5-2.
The input coupling is at the curved reflector and is also where the measure-
ments were made. The size of an aperture in the flat reflector (at z=0)
was varied. Due to the thickness of the plate in which the aperture was
iocated (approx. 1/16 inch), the aperture was non-transmitting until the
aperture diameter was made greater than the thickness. The radiation
resistance of the aperture for radiation into a half space was shown to be
40 ohms in the previous application of the equivalent circuit. If the
aperture is free to radiate into all space, i.e., both transmission through

and reflection from the aperture, the radiation resistance would be 20 ohms.

By Eq. 5-10
-
k upob k ™D~ S54m(114)
-3
R =1.77 x 10 °Q
o u
For a parallel resonant circuit
w C
R
" "ol (>-44)
o

Thus by comparison of Eq. 5-43 and Eq. 5-44,

3

wl=1.77 x 10 ° ohms
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The presence of the aperture in the flat reflector adds

Za = Rd + 2ija
In parallel with Ro. The effective value of Ro as measured at the input
port is given by

' 1 1

ot T + Re[z—t—r] T ~ -4
R R+2jul, R, (Rd)2+(2wLa)2
and
1 1 1
QoL [T R4 I =3 WoLoRy ™ (5246)
oo E + 3 3 Q_ + > 3
(Ry) +(2wLa) U oax (Rd)"+(2wLa)

Equation 5-46 for Qu is plotted in Fig. 5~8 as a function of the iris radius
a, for the reflection loss case. Also shown in Fig. 5-8 is the case of the
combined transmission and reflection loss represented by Eq. 5-48 where the

effective resistance shunting R, is

' 1
Ra = 1/2 Re m (5-47)
and
Q = 1 (5-48)
u 1 wLlR,/2
ood
Q. vt 3 3
Ymax (Rd) +(zwLa)

Also plotted for comparison is the measured data for this configuration.

The constants used for the calculated values were

Q = 294,000
umax

85,-3 -3
ZwLa 1.144¢( X) =0.71 a,

A = 0.855 cm.

A transition from the behavior expected when reflection losses alone
are present, to that predicted when transmission losses through the aperture

are also present is shown in Fig. 5-8. The measured curve shows reasonably
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good agreement with predicted values. The predicted Q for the resonator
when ao-O is much higher than the measured value. This discrepancy is be-
lieved due to an unaccounted for {sctor in calculating the theoretical
losses, and may lie either in tha value of the end plate resistance or in

the fact that the Lg mode may have been present in the resonator.

VI. CONCLUSIONS AND RECOMMENDATIONS

The principle objective of this research has been to explore the use
of beam waveguide resonators as circuit elements at millimeter wave fre-
quencies. While a detailed summary of the derivation of the resonator
characteristics described in section IV was not presented, the extensive
bibliography referenced throughout will aid in locating an analysis for
a particular geometry if such an analysis is desired.

The emphasis in the presentation of the resonator characteristics of
section IV was on the diffraction losses and resonant frequencies as func-
tions of the geometry and the mode number. The equations governing the
energy distribution for the various modes and plots of the field distri-~
butions for some low loss modes are presented for the confocal geometry.
An analysis has also been presented of an equivalence relation by means
of which the diffraction losses for non-~confocal resonators of either full
length or half length may be determined from the diffraction loss versus
geometry function of Fig. 4~7 for a confocal resonator.

Generally neglected in many analytical studies, but important in re-
sonators designed to have high unloaded Q values at microwave frequenciles
are the resistive losses due to the metal reflecting surfaces. These
losses are calculated for the three most common reflector materials in

terms of a db power loss per reflection.
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Early experimental difficult! ‘5 were encountered; the principle one
was the inability tc obtain the theoretically predicted high Q values at
35 GHz. Coupling tc the resonator was with circular apertures excited
through a circular transition from standard rectangular waveguide. This
coupling problem has not been reported on in other experimental studies
that have been made on open resonators, and it did not appear when coaxial
loop coupling was used with these resonators in & series of X-band experi-
ments. A calculation was made of the power loss from the resonator due
to radiation from an equivalent magnetic dipole irduced in a small cir-
cular aperture by the resonator field, and rough agreement between this
loss and the unaccounted for losses of the test resonator was obtained.

A series of experiments was performed to study in greater detail the
departures from the theoretically predicted behavior of the resonators
which might be due entirely or in part to the presence of the coupling
apertures in the reflectors. The equipment used for these experiments,
which was a swept frequency generator and a generator for point by point
response measurements, is described in Appendix A. A discussion of the
reflected response of a coupled resonant circuit is given in Appendix B.
The equations presented in Appendix B were used to obtain information about
the resonator properties from measurements.

With respect to the radiation loss caused by an aperture in a reflec-
tor, agreement was obtained with the predicted values frum small aperture
theory, within the limits of experimental error. This applies to circular
apertures with radii approaching a quarcer wavelength. Since this aperture
was essentially a circular waveguide operating in the cutoff frequency
region and of finite length, the radiation loss was predominantly back-

scatter from the aperture.
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For thin apertures, the radiation loss is due to backscatter and to
transmission through the aperture. This latter loss was verified by the
increase in loss measured as a function of aperture size. This increase
in loss is in general agreement with the difference in loss obtained be-
tween a transmitting and non-transmitting aperture shown in Fig. 5-8.

The experimental data (shown in Fig. 5-7) obtained when a small aper-
ture in the center of the curved reflector of a full resonator was ter-
minated in a variable position short circuit and when it was terminated
in a matched load showed the drastic effect on the characteristics of an
open resonator which can take place. A comparison of the maximum and
minimum Q values obtained as a function of the position of the short cir-
cuit with the Q value obtained when the aperture was terminated in a match-
ed load indicates that the phase angle of the effective reflection coeffi-
cient of the resonator load is more important than the magnitude. Coup-
ling energy .ut of the resonator into a resistive load causes a decrease
in the Q below the value obtainable with a reactive termination, but it is
not a condition which leads to minimum Q. The calculations of pp. 52
through 53 show that the minimum and maximum values of measured Q are
related to whether the radiation resistance of one apert.re is effectively

open circuited or short circuited by the reactive load.

The low Q values obtained at confocal spacing, coupled with the fact
that: the Q appeared to rise when the reflectors were moved in either di-
rection from confocal separation led to investigation of the unloaded Q
versus reflector spacing. It was found that the Q decreased in the area
of confocal cperation for the full tesonator, but no noticeable decrease
in Q was found for the half confocal resonator. The possible existence
of an optical instability region of operation for a full resonator is
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described on pp. 12 and 13. This unstable operation occurs when the radii
of curvature for the two reflectors are different, and the separation be-~
tween the reflectors falls between the two radii of curvature. Measure-
ments of the radii of curvature cf the reflectors for the test resonator
showed that they were identical to within # 0.5 inch. If present, this
region of instability would occur over too narxow a range of reflector
separations to account for the broad decrease in Q measured near confocal
spacing.

A discussion of the multiple mode operation of the full and half re-
sonator is given in Appendix C. The tabulation in Table C-2 of Appendix C
shows that the two resonators are not equivalent in their rescnance char-
acteristics. In particular, the L; mode i8 simultaneously resonant with
the Lg mode in the half resonator, while both the L‘; and L; modes are simul-
taneously resonant wit.. the Lz dominant mode in the full resonator. Both
of these modes have the same angular symmetry as the dominant mode and are
the next most likely modes to be excited. Calculations indicate that the
presence of coupling apertures in either type of resonator can cause trans-
fer of energy from the dominantmode to the higher loss mode. The presence
of these higher loss modes was also indicated from measurements made of the
radial fields in the resonator for various aperture diameters. The calcu-
lations in section V concerning the range of reflector separation over
which the Ig mode and the Lg mode in the full resonator can interact are
in good agreement with the range of separation over which the low Q values
were actually measured.

As a result of this investigation, emphasis must be placed on two dif-
ferences which exist between the beam waveguide resonators and convertiomal
closed cavity resonators. The first of these is the predominantly real

impedance introduced into the resonatcr by the coupiing apertures. Whereas
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in a closed cavity resonator a perturbation of the boundaryconditions can
generally be represented as a reactance and primarily affects only the re-
sonant frequency or cut-off frequency, in the beam waveguide or beam wave-
guide resonator a perturbation of the boundary conditions will cause radia-
tion and will be primarily represented by a resistive effect. The per-
turbation in an open resonator will primarily affect the Q of the device
rather than the resonant frequency. The second difference which must be
emphasized is the inherent multi-mode nature of the confocal full and half
resonators. While the modes are, in the ideal sense, orthogonal, the
coupling apertures in the reflectors couple energy from the dominant low
loss mode to the higher order high loss modes. The experiments have
shown that this coupling can become quite strong when aperture sizes
approach the dimensions of a half wavelength at the resonant frequency.

To complete this investigation of beam waveguide resonators for milli-
meter wave circuit applications, lumped element equivalent circuits for
both full and half resonators are derived in section V. The effects of
small circular coupling apertures are accounted for in the equivalent cir-
cuits including the radi tion lesses introduced by trhe apertures. The
analysis made will apply to any point source excitation, if suitable ex-
pressions for the coupling element impedance are used, and a relation be-
tween the induced magnetic moment in the aperture and the field quantities
can be found as a function of the geometry. While the equivalent circuits
that were derived are for single mode operation of the resonators, a dis-
cussion is included concerning the add! tion of resonant circuits to repre-
sent higher mode effects.

With the aid of the equivalent circuits and by application of stan-
dard network analysis, it is believed that the radiation losses intro-

duced by the coupling apertures can be minimized for desired operating
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conditions of Q and i{nsertion loss. In order to minimize multi-mode ;

g,

operation and the attendaut problems, it is recommended that the confo-
cal half resonator be used whenever possible. When the full resonator
is used operation at a reflector separation slightly different from con-
focal spacing is recommended. The change in reflector separation neces-
sary from confocal spacing will depend on the Q for the fundamental mode,
and may be calculated by the method used on pp. 45 through 48 keeping

in mind the approximations involved.
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